Abstract. The purpose of this paper is to show that the study of mean ergodic theorems for almost-orbits of semigroups of nonexpansive mappings on closed convex subsets of a Banach space can be reduced to the study of orbits for semigroups of nonexpansive mappings. This provides a unified approach to various mean ergodic theorems for almost-orbits in the literature and new applications.
Introduction
Let C be a nonempty closed convex subset of a Banach space E. Then, a mapping T of C into itself is said to be nonexpansive if T x − T y ≤ x − y for every x, y ∈ C. Let S be a semigroup and let S = {T (t) : t ∈ S} be a representation of the semigroup S as nonexpansive mappings from C into itself, i.e., for each t ∈ S, T (t) is a nonexpansive mapping of C into itself and T (st) = T (s)T (t) for every s, t ∈ S. Then, a function u : S → C is said to be an almost-orbit of S if inf sup w∈S s,t∈S u(swt) − T (s)u(wt) = 0.
In this paper, we prove that mean ergodic theorems for almost-orbits of nonexpansive semigroups can be reduced to those for nonexpansive semigroups.
The notion of almost-orbit was first introduced by Kiuchi and Takahashi in [7] . Our approach unifies various mean ergodic theorems for almost-orbits already in the literature (see [7] , [9] , [10] and [13] ) and gives new applications to results in [1] , [2] , [3] , [5] and [6] . Baillon [4] proved the first nonlinear ergodic theorem for nonexpansive mappings in the framework of a Hilbert space: Let C be a closed convex subset of a Hilbert space and let T be a nonexpansive mapping of C into itself. If the set F (T ) of fixed points of T is nonempty, then for each x ∈ C, the Cesàro means S n (x) = 1 n n−1 k=0 T k x converge weakly to some y ∈ F (T ). The notion of an almost-orbit for a nonexpansive mapping was introduced by Bruck in [5] . It was extended by Miyadera and Kobayasi to the case of a one-parameter nonexpansive semigroup in [9] where they established the weak and strong almost convergence of such an almost-orbit in Banach spaces. These results were then extended to various forms by many authors; for example [6, 8, 10, 11, 13] .
Our paper is organized as follows: in Section 2 we define some terminologies that we use; in Section 3 we prove our main results; in Section 4 we provide the applications of our results in Section 3.
Preliminaries
Let E be a Banach space and let S be a semigroup. We denote by E * the dual space of E and by x, x * the value of x * ∈ E * at x ∈ E. We also denote by B(S) the Banach space of all bounded real-valued functions on S with supremum norm. For each s ∈ S and f ∈ B(S), we define elements l s f and r s f of B(S) by (l s f )(t) = f (st) and (r s f )(t) = f (ts) for all t ∈ S. We sometimes use µ t (f (t)) instead of µ(f ) for µ ∈ B(S) * and f ∈ B(S). Let X be a subspace of B(S) such that 1 ∈ X and X is l s -and r s -invariant, i.e., l s (X) ⊂ X and r s (X) ⊂ X for every s ∈ S. Then, a net {µ α } α∈I of continuous linear functionals on X is said to be strongly regular [6] if it satisfies the following conditions:
( (3) is replaced by the weaker condition:
Let f be a function of S into E such that {f (t) : t ∈ S} is relatively weakly compact and let X be a subspace of B(S) such that for each x * ∈ E * , the function t → f (t), x * is an element of X. Then, for any µ ∈ X * there exists a unique element f µ in E such that
for every x * ∈ E * ; see [12, 6] . Following [6] , we write such f µ by f (t)dµ(t). Let C be a nonempty closed convex subset of E. Let S = {T (t) : t ∈ S} be a representation of the semigroup S as nonexpansive mappings from C into itself and let X be a subspace of B(S). Then, a function u : S → C is said to be a nearly almost-orbit of S if inf sup
Clearly, every almost-orbit of S is a nearly almost-orbit. We denote by NAO(S, X) the set of all nearly almost-orbits u of S such that {u(t) : t ∈ S} is relatively weakly compact and for each x * ∈ E * , the function t → u(t), x * is an element of X.
Main results
First we show the following lemma. 
for every g ∈ X and s ∈ S, and
for every h ∈ S, where K = sup α∈I µ α .
Proof. Assume that for each h ∈ S, f (ht)dµ α (t) converges weakly to some
Since B is compact in the weak * topology, there exists a subnet {µ α β } β∈J of {µ α } α∈I such that µ α β converges to some µ ∈ B in the weak * topology. Let ε > 0, g ∈ X and s ∈ S. Then, there exists α
Since µ α β converges to µ ∈ B in the weak * topology, it follows that for each h ∈ S, f (ht)dµ α β (t) converges weakly to f (ht)dµ(t). Therefore, we obtain
for every h ∈ S. Now we prove the main theorems of this paper.
Theorem 3.2. Let C be a nonempty closed convex subset of a Banach space E. Let S be a semigroup and let S = {T (t) : t ∈ S} be a representation of the semigroup S as nonexpansive mappings from C into itself such that for each x ∈ C, {T (t)x : t ∈ S} is relatively weakly compact. Let X be a subspace of B(S) such that 1 ∈ X, for each x ∈ C and x * ∈ E * , the function t → T (t)x, x * is an element of X and X is l s -and r s -invariant for every s ∈ S. Let {µ α } α∈I be a strongly regular net of continuous linear functionals on X. Then the following are equivalent:
Proof. Since (2) ⇒ (1) clearly holds, it is sufficient to show (1) ⇒ (2). Let u ∈ NAO(S, X) and ε > 0. Since u is a nearly almost-orbit S, there exists s 0 ∈ S such that
Let K = sup α∈I µ α . From the hypothesis and Lemma 3.1, there exists µ ∈ X * such that µ ≤ K, µ(l s g) = µ(r s g) = µ(g) for every g ∈ X and s ∈ S and T (ht)u(s 0 )dµ α (t) converges weakly to T (t)u(s 0 )dµ(t) uniformly in h ∈ S. We show that u(ht)dµ α (t) converges weakly to u(t)dµ(t) uniformly in h ∈ S. By (3.1), we have
and for each α and h ∈ S,
Since {µ α } α∈I is strongly regular, there exists α 0 such that for each α ≥ α 0 ,
Let M = sup t∈S u(t) . By (3.4), we have for each α ≥ α 0 and h ∈ S, u(ht)dµ α (t) − u(hts
* ∈ E * with x * ≤ 1. In the case of weak convergence, there exists α 1 ≥ α 0 such that for each α ≥ α 1 ,
From (3.2), (3.3), (3.5) and (3.6), we obtain for each α ≥ α 1 and h ∈ S,
Since ε > 0 is arbitrary, we obtain the conclusion.
Remark 3.3. Theorem 3.2 also holds when "weakly" is replaced by "strongly". Indeed, if for each x ∈ C, T (ht)xdµ α (t) strongly converges uniformly in h ∈ S, then there exists α 2 ≥ α 0 such that for each α ≥ α 2 ,
From (3.2), (3.3), (3.5) and (3.7), we obtain for each α ≥ α 2 and h ∈ S,
Since ε > 0 is arbitrary, this implies that u(ht)dµ α (t) converges strongly to u(t)dµ(t) uniformly in h ∈ S.
Concerning Theorems 3.2 and Lemma 3.1, we provide the following result.
Theorem 3.4. Let C be a nonempty closed convex subset of a Banach space E. Let S be a semigroup and let S = {T (t) : t ∈ S} be a representation of the semigroup S as nonexpansive mappings from C into itself such that for each x ∈ C, {T (t)x : t ∈ S} is relatively weakly compact. Let X be a subspace of B(S) such that 1 ∈ X, for each x ∈ C and x * ∈ E * , the function t → T (t)x, x * is an element of X and X is r s -invariant for every s ∈ S. Let µ be an element of X * such that µ(r(s)f ) = µ(f ) for every f ∈ X and s ∈ S. Then the following are equivalent:
(
1) For each x ∈ C, T (t)xdµ(t) ∈ F (S). (2) For each u ∈ NAO(S, X), u(t)dµ(t) ∈ F (S).
Proof. Since (2) ⇒ (1) clearly holds, it is sufficient to show (1) ⇒ (2). Let u ∈ NAO(S, X) and ε > 0. As in the proof of Theorem 3.2, we have for some
So, we have for each s ∈ S, T (s) u(t)dµ(t) − u(t)dµ(t)
Since ε > 0 is arbitrary, we obtain u(t)dµ(t) ∈ F (S).
Applications
In this section, by using Theorems 3.2 and 3.4, we provide some colloraries. From [5] and [6] , we obtain the following results of weak almost convergence. 
* is an element of X and X is r s -invariant for every s ∈ S. Let {µ α } α∈I be a strongly regular net of continuous linear functionals on X. Then for each u ∈ NAO(S, X), u(ht)dµ α (t) converges weakly to some y ∈ F (S) uniformly in h ∈ S.
From [2] , [3] and [1] , we obtain the following results of strong almost convergence. Corollary 4.6. Let C and E be as in Corollary 4.4. Let S be a commutative semigroup and let S = {T (t) : t ∈ S} be a representation of the semigroup S as nonexpansive mappings from C into itself such that t∈S T (t)(C) ⊂ K for some compact subset K of C. Let X be a subspace of B(S) such that 1 ∈ X, for each x ∈ C and x * ∈ E * , the function t → T (t)x, x * is an element of X and X is r s -invariant for every s ∈ S. Let {µ α } α∈I be a strongly regular net of continuous linear functionals on X. Then for each u ∈ NAO(S, X), u(ht)dµ α (t) converges strongly to some y ∈ F (S) uniformly in h ∈ S.
Examples and remarks
In this section, we give examples and remarks concerning our results.
Remark 5.1.
(1) If m is an invariant mean on B(S), i.e., m is a translation invariant norm one positive linear functional on B(S), then {m} is strongly regular.
